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Gradual Typing 101

e The key external feature of every gradual type system is the
unknown type *.

f (x:Int) =x+2 -- static checking
h(g: %) =gl —-- dynamic checking
h f

e Central to gradual typing is type consistency ~, which relaxes
type equality: x ~ Int, x = Int ~ Int — «, ...

e Dynamic semantics is defined by type-directed translation to
an internal language with runtime casts:

((x = * = x)g) ((Int— %)1)



Many Successes

Gradual typing has seen great popularity both in academia and
industry. Over the years, there emerge many gradual type
disciplines:

e Subtyping

e Parametric Polymorphism

Type inference

Security Typing
Effects



Many Successes, But...

Gradual typing has seen great popularity both in academia and
industry. Over the years, there emerge many gradual type
disciplines:

e Subtyping

e Parametric Polymorphism

Type inference

Security Typing
Effects

I'= As type systems get more complex, it becomes more
difficult to adapt notions of gradual typing.
[Garcia et al., 2016]



e Can we design a gradual type system with implicit higher-rank
polymorphism?



e Can we design a gradual type system with implicit higher-rank
polymorphism?

e State-of-art techniques are inadequate.



Why It Is interesting

e Haskell supports implicit higher-rank polymorphism, but some
“safe” programs are rejected:

foo :: ([Int], [Char])
foo =let f x = (x [1, 2], x [’a’, ’b’])
in £ reverse -- GHC rejects
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Why It Is interesting

e Haskell supports implicit higher-rank polymorphism, but some
“safe” programs are rejected:

foo :: ([Int], [Char])
foo =let f x = (x [1, 2], x [’a’, ’b’])
in £ reverse -- GHC rejects

e If we had gradual typing...
let £ (x : %) = (x [1, 2], x [’a’, ’b’])
in £ reverse

e Moving to more precised version still type checks, but with
more static safety guarantee:

let £ (x : Va. [a]l] — [a]) = (x [1, 2], x [’a’, ’b’])
in £ reverse



Contributions

e A new specification of consistent subtyping that works for
implicit higher-rank polymorphism
e An easy-to-follow recipe for turning subtyping into consistent
subtyping
e A gradually typed calculus with implicit higher-rank
polymorphism
e Satisfies correctness criteria (formalized in Coq)
e A sound and complete algorithm
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What Is Consistent Subtyping

e Consistent subtyping () is the extension of subtyping to
gradual types. [Siek and Taha, 2007]

e A static subtyping relation (<:) over gradual types, with the
key insight that « is neutral to subtyping (x <: x)

e An algorithm for consistent subtyping in terms of masking A|g

Definition (Consistent Subtyping a la Siek and Taha)

The following two are equivalent:

1. A< Bifandonly if A~ C and C <: B for some C.
2. AS Bifand only if A<: C and C ~ B for some C.



Design Principle

I'= Gradual typing and subtyping are orthogonal and can be
combined in a principled fashion. — Siek and Taha



Challenge

e Polymorphic types induce a subtyping relation:
Va.a — a <:Int — Int
e Design consistent subtyping that combines 1) consistency 2)

subtyping 3) polymorphism.




Challenge

e Polymorphic types induce a subtyping relation:
Va.a — a <:Int — Int
e Design consistent subtyping that combines 1) consistency 2)

subtyping 3) polymorphism.

I's  Gradual typing and polymorphism are orthogonal and can
be combined in a principled fashion.*

!Note that here we are mostly concerned with static semantics.



Problem with Existing Definition



Odersky-Laufer Type System

e The underlying static language is the well-established type

system for higher-rank types. [Odersky and Laufer, 1996]

Types
Monotypes
Terms
Contexts

A B
T, O
€
v

Int|a]A— B|Va. A
Int|a|7—0
x|n|Ax:Ae|dx.e|e e
o | U x:A|V, a
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Subtyping

VA< B (Subtyping)

aev VE B <:A VE A <: By

VFka<:a V F Int <: Int UVEA — A< B — B
Vi VEAla—T1] < B V.akA<: B

VHVa A< B VUV A<:Va B
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Subtyping with Unknown Types

VA< B (Subtyping)
aev VE B <:A VE A <: By
VFka<:a V F Int <: Int UVEA — A< B — B
Vi VEAla—T1] < B V.akA<: B
VFVYa A< B VHA<:VaB

UEx <%
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Type Consistency

A~ B (Type Consistency)

A~ B As ~ By
A~ A A~ % *~ A A1—>A2N81—>BQ

12



Type Consistency with Polymorphic Types

A~ B (Type Consistency)

A~ B As ~ By
A~A A~ % *~ A A1—>A2N81—>BQ

A~ B
Va.A~Va. B

12



Type Consistency with Polymorphic Types

A~ B (Type Consistency)

A~ B As ~ By
A~A A~ % *~ A A1—>A2N81—>BQ

A~ B
Va.A~Va. B

I'= The simplicity comes from the orthogonality between
consistency and subtyping!

12



Definition (Consistent Subtyping a la Siek and Taha)

The following two are equivalent:

1. A< Bifandonly if A~ C and C <: B for some C.
2. A< Bifand only if A<: C and C ~ B for some C.

I's  Equivalence is broken in the polymorphic setting!
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Definition (Consistent Subtyping a la Siek and Taha)

The following two are equivalent:

1. A< Bifand only if A~ C and C <: B for some C. v/
2. AS Bifand only if A<: C and C ~ B for some C. X

I'= Equivalence is broken in the polymorphic setting!

1 (* — Int) — Int
e S
(Va.a = Int) = Int —— (Vax — Int) — Int

13



Definition (Consistent Subtyping a la Siek and Taha)

The following two are equivalent:

1. A< Bifand only if A~ C and C <: B for some C. X
2. A< Bifand only if A<: C and C ~ B for some C. v/

I'= Equivalence is broken in the polymorphic setting!

Int = Int ——— Int — %
< <:
YVaa ——— L

~

13



Definition (Consistent Subtyping a la Siek and Taha)

The following two are equivalent:

1. A< Bifandonly if A~ C and C <: B for some C. X
2. AS Bifand only if A<: C and C ~ B for some C. X

I'= Equivalence is broken in the polymorphic setting!

1 (((* = Int) — Int) — Bool) — (Int — %)
<ﬁ <:T
(((Va.a = Int) — Int) — Bool) — (Va.a) = €

13



Reuvisiting Consistent Subtyping



Consistent Subtyping vs. Subtyping

e Subtyping validates the subsumption principle

Uhke: A A<: B
Vie:B

14



Consistent Subtyping vs. Subtyping

e Subtyping validates the subsumption principle, so should
consistent subtyping
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Consistent Subtyping vs. Subtyping

e Subtyping validates the subsumption principle, so should
consistent subtyping

Vike:A A<B
ViEke:B

e Subtyping is transitive, but consistent subtyping is not

14



Observation (1)
IfA<:Band B S C, then AS C.

T1 C «---
< [ o < !
B = T S

ii5)



Observation (1)
IfA<:Band B C, then AS C.

T1 C Foog
5//;' \\\
<:T T I
B — Ts <
< P
A et

ii5)



Observation (1)
IfA<:Band B S C, then AS C.

T1 C «---
< [ o< 0
B - T2 TS
< P
A

ii5)



Observation (1)
IfA<:Band B S C, then AS C.

Observation (1)
If C < B and B <: A, then C < A.

Tn—— C . s A
< .7 N 22"
<[ /r/\‘/ < I Sx/’ <ZI
e /’ I
B = T2 //N \\ T]_ B
. \\ 5//2
< P \<ﬂ . <
A o= C ~ T2

ii5)



Observation (1)
IfA<:Band B S C, then AS C.

Observation (1)
If C < B and B <: A, then C < A.

Tl C «--- P A
< .7 BN 22"
< [ ::J/ <:T | Sx/’ <T
e /’ I -~
B T2 //g \\ T]_ B
~ ’/ \\ 5//2
<T //// \\<:T //,/ <
A o= C ~ T2

ii5)



Consistent Subtyping, the Specification

Definition (Generalized Consistent Subtyping)

def

VFASBE WEA<:A', A~B' and WF B’ <: B for some A’ and
B'.
B «--.
<:T |
A/ B/ //
<:T /’/
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Consistent Subtyping, the Specification

Definition (Generalized Consistent Subtyping)

vi-A<BY

B’

UVFA<:A, A~B and VI B <: B for some A’ and

(((* = Int) — Int) — Bool) — (Int — *)

<5

<

(((va.a — Int) — Int) — Bool) — (Va.a)

A = ((Va.a — Int) — Int) — Bool) — (Int — Int)

B = ((Va.x — Int) — Int) — Bool) — (Int — %)
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Non-Determinism

Definition (Generalized Consistent Subtyping)

vi-A<BY

B’

UVFA<:A, A~B and VI B <: B for some A’ and

Two sources of non-determinism:

1. Two intermediate types A" and B’

17



Non-Determinism

Definition (Generalized Consistent Subtyping)

vi-A<BY

B’

UVFA<:A, A~B and VI B <: B for some A’ and

Two sources of non-determinism:

1. Two intermediate types A" and B’

VT VI Ala— 7] <: B
2. Guessing monotypes ViVa A<: B

17



Non-Determinism

Definition (Generalized Consistent Subtyping)

vi-A<BY

B’

UVFA<:A, A~B and VI B <: B for some A’ and

Two sources of non-determinism:
1. Two intermediate types A" and B’

I'= We can derive a syntax-directed inductive definition
without resorting to subtyping or consistency at all!
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Consistent Subtyping Without Existentials

Notice W F x < A always holds (x <: x ~ A <: A), and vise versa
(VE A<

18



Consistent Subtyping Without Existentials: First Step

1. Replace <: with <

(Subtyping)

acev VE B <A VHEA < B
UVka<:a V F Int <: Int UEA — A <: B — B
Vi Vi Aa— 7] <:B V.ak A< B

VEVa A< B VA< Va.B

WUk % <: %

18



Consistent Subtyping Without Existentials: First Step

1. Replace <: with <

VE-A<B (Consistent Subtyping, not yet)

acev \Ul_B]_SAl W"AQSBQ
\IH—a,Sa \Ul—lnt,SInt W"Al—)AQSBl—>52
VEr WUEAae 7] <B V,akA<B
VFVaA<B VFA<Va B

VxS«

18



Consistent Subtyping Without Existentials: Second Step

1. Replace <: with <
2. Replace VI x Sxwith VxS Aand VEA S

VE-A<B (Consistent Subtyping, not yet)

acev \Ul_B]_SAl W"AQSBQ
\IH—a,Sa \Ul—lnt,SInt W"Al—)AQSBl—>52
VEkr WUEAae 7] <B V,a-A<B
VFVaA<B VFA<Va B

VxS«

18



Consistent Subtyping Without Existentials: Second Step

1. Replace <: with <
2. Replace VI x Sxwith VxS Aand VEA S

VE-A<B (Consistent Subtyping)

acev \Ul_B]_SAl W"AQSBQ
\IH—a,Sa \Ul—lnt,SInt W"Al—)AQSBl—>52
VEkr WUEAae 7] <B V,a-A<B
VFVaA<B VFA<Va B

VEx<A UHA<*

18



Definition Meets Specification

Theorem
VEASBIffWFA< A, A ~B andV+ B <:B for some
A’ and B’.

19



Declarative Type System



Type System

V.ake: A
VEe:Va A

VUV x:7Fe:B

VUV XM.e:7— B

U-GEN

U-LAM

(Typing, selected rules)

V. x:AFe: B
VEA:Ae:A—B

U-LAMANN

Vie A VEA>A — A
\UFGQZA:), WFAgsAl
U-APP
WF61621A2

20



Type System

Ve A VEA>A — A
\Ul_egiAg \U}_A3§A1

U-APP
U EINEDRS A2
VEA>A — A (Matching)
VT VEAla— 7] A — A
M-FORALL
VIEVa Ar A — Ag
M-ARR —— M-UNKNOWN
VEA — AbA — A Uk %D>*x— *

20



Dynamic Semantics

e Type-directed translation into an intermediate language with
runtime casts (Ve : A~ s)

e We translate to the Polymorphic Blame Calculus (PBC)
[Ahmed et al., 2011]

PBC terms®> s:=x|n|Ax:A.s|Aa.s|s 5| (A< B)s

20nly a subst of PBC terms are used

21



Correctness Criteria

e Conservative extension: for all static W, e, and A,
o if WHFOL o: A then there exists B, such that V I e : B, and
VHEB<: A
e ifUke:A then W% e: A

e Monotonicity w.r.t. precision: for all V. e, €' A, if
VUie:A and e C e then VI ¢ : B, and B C A for some
B.

e Type Preservation of cast insertion: for all WV, e, A, if
Vhe:A thenWke: A~ s, and VB s: A for some s.

e Monotonicity of cast insertion: for all W, e, e, 51,5, A, if
Uhke :A~ s, and VE e : A~ 59, and e C ey, then
V Vs CBsy.
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Correctness Criteria

e Conservative extension: for all static W, e, and A,
o if WHFOL o: A then there exists B, such that V I e : B, and
VHEB<: A
e ifUke:A then W% e: A

e Monotonicity w.r.t. precision: for all V. e, €' A, if
VUie:A and e C e then VI ¢ : B, and B C A for some
B.

e Type Preservation of cast insertion: for all WV, e, A, if
Vhe:A thenWke: A~ s, and VB s: A for some s.

e Monotonicity of cast insertion: for all W, e, e, 51,5, A, if
Uhke :A~ s, and VE e : A~ 59, and e C ey, then
V Vs CBsy.

= Proved in Coq!
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Gradual Language with
Implict Higher-Rank
Polymorphism

L dranslate- — >

Cast Language

PBC

AL

<Gradualize>

Static Language

Criteria
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More in the Paper

A bidirectional account of the algorithmic type system
(inspired by [Dunfield and Krishnaswami, 2013])

Extension to top types

Discussion and comparison with other approaches (AGT
[Garcia et al., 2016], Directed Consistency [Jafery and
Dunfield, 2017])

Discussion of dynamic guarantee

24



e Fix the issue with dynamic guarantee (partially)

e More features: mutable state, fancy types, etc.

25
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Dynamic Guarantee

e Changes to the annotations of a gradually typed program
should not change the dynamic behaviour of the program.

e The declarative system breaks it...

(M :Va.a— Int. Ax : Int. f x) (Ax.1)3 | 3
(M :Va.a— Int. Ax i x. Fx)(Ax.1)3 {7

e A common problem in gradual type inference, see [Garcia and
Cimini 2015]. Static and gradual type parameters may help.

e A more sophisticated term precision is needed in PBC.
[lgarashi et al. 2017]
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